Bounds on the periods of finite-disk generated gravity modes  by Howard, Louis N
ADVANCES IN MATHEMATICS 6, 38&388 (1971 
Bounds on the Periods 
of Finite-Disk Generated Gravity Modes* 
LOUIS N. HOWARD 
Department of Mathematics, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 02139 
DEDICATED TO W. T. MARTIN 
I. INTRODUCTION 
In a recent article [l] Kaiser and Murty report some experiments 
on the generation of gravity waves in a circular tank of water by a disk 
centrally placed on the free surface and oscillating vertically with small 
amplitude. This method of exciting waves has been used, for example, 
to measure resonant frequencies of modes in a rotating tank, but it is 
found that the results depend on the size of the disk, and have to be 
corrected in some manner, e.g., by extrapolating the results for different 
disk sizes to zero size. The experiments reported in [l] were carried 
out (in a nonrotating tank) to explore in some detail this effect of the disk 
size on the measured resonance period, for the lowest frequency axi- 
symmetric mode. The authors found that the resonance period measured 
was very close to the theoretical free period of an annulus whose inner 
cylindrical boundary just cuts out from the tank the region below the 
forcing disk-even when the disk radius was as large as 80% of the 
tank radius and the period was reduced to less than one half of the free 
period of the cylinder. (In the experiments, “resonance” was defined 
either as the frequency of maximum amplitude of the free surface 
displacement near the outer edge, or as the frequency of phase 
coincidence between the disk and the fluid; both criteria gave similar 
results, but for various reasons the amplitude criterion seems somewhat 
more appropriate.) Thus as far as the period is concerned, the results 
are almost the same as if the water beneath the disk were frozen. It is 
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the purpose of the present note to give a theoretical rationalization of 
this, at first glance, somewhat surprising result. 
II. What is in fact being measured when the fluid is excited 
in the manner described above? Presumably, if there were no nonlinear 
effects and very little dissipation, as resonance is approached, the 
(eventual) amplitude of the fluid motion would become very large (and 
without dissipation, infinite). To put it another way which avoids the 
threat of non-linearity, a given small but finite amplitude of the fluid 
motion would be driven by a disk amplitude which becomes very small 
as resonance is approached, and without dissipation such a small but 
finite fluid oscillation could exist at the resonant frequency with zero 
amplitude of the disk motion. This makes it evident that the “resonant” 
frequency is in fact the natural frequency of a normal mode of fluid in a 
container consisting of the cylinder with a rigid “cap” where the disk 
is located. Although there is always some dissipation, there is no doubt 
then that the experiment measures a close approximation to this natural 
frequency of an ideal irrotational wave mode in such a partially capped 
cylinder. 
The theoretical problem for calculating the natural frequencies of 
this system is the following: We suppose the undisturbed fluid to 
occupy the region R : --H < x < 0, 0 < Y < a (cylindrical 
coordinates), the sides and bottom of which are rigid, as is also the 
portion 0 < r < qa of the top x = 0. A free mode of frequency u then 
has a harmonic velocity potential 4 satisfying the boundary condition 
8+/&z = 0 on the rigid parts of the boundary, and the usual free surface 
condition (u2/g)$ = +/a z on the free part F of the boundary, namely, 
z = 0, aq < Y < a. Here g is the gravitational acceleration. This gives 
an eigenvalue problem for the frequency, or for the parameter h = u2/g, 
the eigenvalues X, of which are readily shown to be the extrema of the 
functional: 
(1) 
Here the class of competitors for the variational problem is all continuous 
and piecewise continuously differentiable functions (“piecewise smooth”, 
for short) + defined on the region R-all the boundary conditions 
automatically appear as natural boundary conditions for the variational 
problem. Actually, the lowest eigenvalue of this variational problem is 
0, corresponding to C$ E 1, but this is not relevant to our physical 
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problem. Since for a normal mode the surface elevation is proportional 
to the value of $ on F, this trivial mode corresponds to adding or removing 
some water (at however a zero rate, since 0 = 0 for it) and should be 
suppressed by the additional restriction 
s $dS=O F (2) 
(In fact the trivial mode is perhaps not altogether irrelevant since there 
probably is a little evaporation or condensation in an actual experiment!) 
This additional restriction is also appropriate from the purely mathe- 
matical point of view, since one easily shows that two eigenfunctions 
corresponding to different eigenvalues are orthogonal in the sense 
JF $i$s dS = 0, and (2) thus restricts the class of competitors to those 
orthogonal to the trivial mode $ = 1. Our present interest is in the 
lowest axisymmetric mode, so that the eigenvalue A, which we want may 
be characterized as the minimum value of the functional L{$}, for all +‘s 
in the class C of functions on R which are (a) piecewise smooth, (b) 
axisymmetric, i.e., independent of 8 in cyhndrical coordinates, and 
(c) which satisfy (2). 
The lowest axisymmetric mode for waves in the annular container 
R . -H < z < 0, a7 < r < a can be similarly characterized A . 
variationally. Its frequency uA is given by uA2/g = A, , where A, is the 
minimum value of the functional 
(3) 
for all $‘s in the class C, of functions on R, which are piecewise smooth, 
axisymmetric, and which satisfy (2). Of course the frequencies and 
eigenfunctions of the annulus problem can easily be described quite 
explicitly; in particular, the eigenfunction for the lowest axisymmetric 
mode is 
+A = cash k(.z + H) Z,,(kr), (4) 
where Z,(kr) = Y,(Ka) J,(k) - Y,,(kr) J,(ka) and k is the first root of 
YIW Jl@d - Ydk4 J&4 = 0. 
The corresponding eigenvalue Aa = a,a/g is given by 
Aa = k tanh kH. 
(5) 
(6) 
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Numerical values of the period TA = 27~10~ for this annulus mode are 
given, for the values of a, H and 17 used in the experiments, in [l]. 
Now the eigenvalue h, for the capped cylinder cannot be computed 
(except for q = 0) so readily as h, , but by using its variational character- 
ization we can estimate it fairly closely. First of all, if $r is the eigen- 
function for the capped cylinder problem, we have, if R, is the cylinder 
-H,(z,(O,O<r<q, 
But if +r is restricted to R, , it evidently is in the class C, of competitors 
for the annulus problem, and, consequently, LA(&) > minL,(+} = X, . 
We thus have 
Bound 1. x, >h,; the frequency of the lowest axisymmetric 
capped-cylinder mode is not less than that of the corresponding annulus 
mode, or, in terms of the periods, Tl < TA . 
As stated above, Kaiser and Murty’s measurements, which should 
correspond very closely to Tl , gave values quite close to T, ; they are, 
however, somewhat different, and for all values of 7 used in the 
experiment, the observed period is somewhat less than T, , in accord 
with bound 1. 
Let us now take a function +c , defined on the cylindrical region R, 
under the disk, which is axisymmetric, piecewise smooth, and equal to 
+, (cf. (4)) on r = a~. Then $A and & together make up a function dz 
defined on R which is evidently in the class of competitors C for the 
capped-cylinder problem. We then have 
and, consequently, 
Bound 2. A1 < A, + JRc ) O+, I2 dV/SF+A2 dS, where #A is given by 
(4) and & is any axisymmetric piecewise smooth function in R, which 
is equal to +, on the boundary r = a~. 
This gives us an upper bound on h, to supplement the lower bound 
given by Bound 1. We naturally wish now to choose & so that this bound 
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is the best possible one of its type, i.e., sRC 1 04, I2 dV is as small as 
possible, consistent with the restrictions on #+ stated in Bound 2. This is 
another familiar kind of variational problem, and it is easily seen that the 
optimal choice of #+ is that harmonic function & in R, which is equal to 
4, on Y = a7 and which has l+b,/az = 0 on x = -H and z = 0 (Y < a~). 
[Indeed, 
= j I V(& - 43Y fw + 2 j WC - 43) . VA dV 
RC RC Rc 
= j I WC - Ml2 fw + 2 j v . k+c - 43) %I w Rc Rc RC 
since V’+, = 0. Applying the divergence theorem, the last integral is 
seen to vanish since +C = & on Y = aq and &&J&z = 0 on z = -H, 0; 
thus JRC ( 04, I2 dV > JRC I 04, j 2 dY.] An explicit representation of 
+a can be found by expressing it as a Fourier cosine series in (s + H): 
43 =+L+fa,cos?Pp (,* ) 
1 
I0 FY. (8) 
From the condition q$ = qSA on Y = aq, we obtain 
i 1 2 O I, E;T A, = E 1 n4z + W --H cos --z-- &(q, z) dz, 
or using (4), 
c-l) A - R (nr)2 + (kH)2 .2kH sinh kH I z”~~~ - 
( 1 
(9) 
0 H 
Now, to calculate the integrals needed in (7) we have first 
iRc I VA I2 dV = JR, V . (A%) dV = .LQ +dWar) dS, and using (8) 
in this, we get 
s RC 1 04, I2 dV = 3 (kH)2 sinh2 kHZo2(ka~) 
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Using standard Bessel function identities, one readily finds from (4) 
that 
Using (10) and (1 1), and remembering (6), we then get for the optimal 
form of Bound 2: 
Bound 3. 
Al < 
Y12(k4 
tanh kH Y,2(kq) - Y12(ka) 
While there is in principle no particular difficulty in computing this 
upper bound by numerically summing the series, it is perhaps sufficient 
to estimate it. By using the fact that lo’(x)/&(x) < x/2 (for x > 0), a good 
estimate when x is small, we get an estimate that should be quite close 
for small 71. Putting this in bound 3, we see that the series is bounded by 
mq * 
,,$,n2+~~~,2=~*~[~- ' ], sinh2 kH 
and we thus have 
Al < AA 1 + A [ 
Y12W 
2 Y12(kq) - Y,z(ka) ’ - ( 
2kH 
sinh 2kH )I * (12) 
For 7 + 0, (the circumstance in which (12) becomes an accurate 
estimate of the upper bound given by Bound 3) ka -+ x1 g 3.8317, 
the first positive zero of Jr . Since Y,(kav) is then approximately 
-(2/.rrka7)), (12) gives, to order TV, the formula 
Xl < A, [I + ; Yl”@l> (q2 v2 (1 - %2;xT$) )] 
g A, [l + 3.0811 72 (1 - sinF;X$,a) )]. (13) 
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For the experiments in [I], H/a = 0.246, and (13) then gives 
A, < A,[1 + 1.276q2]. (14) 
Now for small 7, A, itself differs from A, , its value for 71 = 0, by order 
92, and, in fact, one finds 
2x1(H’a) 
sinh 2x,(H/a) 
)I. (15) 
For H/a = 0.246, this becomes 
A, = A,[1 + 4.887~~1 (16) 
and thus the small 7 form of Bounds 1 and 3 give 
A,[1 + 4.887q2] < A, < A,[1 + 6.163+], (17) 
or, in terms of the period, 
T,[I - 3.082~~1 < T, < T,[l - 2.444~~1. (18) 
For larger values of 9 the bound ( 12) is ess accurate; it can be improved 1 
by using the fact that I,,‘(x)/~,-,(x) < 1 (for x 3 0), a good estimate 
when x is large. If we use this and n/(n” + (kH/rr)2)2 < l/n” in the 
terms of the series in bound 3 for n > 2 we get that this series is bounded 
bY 
we have 
(19) 
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For the parameters used in the experiment, this bound is in fact 
better than (12) even for values of 7 as small as 0.1. 
A comparison of the bound (19) with Kaiser and Murty’s experiments 
is presented in Table 1. In computing the “experimental” value of 
T/T, (the ratio of the period to the annulus period) for this Table, 
I have, instead of the values of T, given in [l], used some slightly 
TABLE 1 
r) Lower bound T/TA Experimental T/ TA 
.0259 .9994 .9996 
.0388 .9989 .9989 
.0776 .9972 .9961 
.1025 .9959 .9951 
.1283 .9945 .9931 
.1542 .9931 .9932 
.1811 .9916 .9921 
.2777 .9860 .9923 
.3907 .9782 .9898 
.5143 .9654 .9846 
.6086 .9522 .9848 
.8031 .9063 .9739 
different values which Dr. Kaiser has kindly sent me. These have been 
computed for somewhat more accurate values of the experimental 
parameters. In addition, I have corrected them for surface tension, 
using the value of 30 dynes/cm given in [l]. This is a very small 
correction, but seems to be worth making since the measurements are 
so precise and the difference between the upper and lower bounds is 
quite small. The same data is also presented graphically in Fig. 1. 
It will be noticed that while all the experimental points are consistent 
with the upper bound T < T, , three of them fall slightly below the 
lower bound given by (19). The extent of this, however, appears to be 
roughly comparable with the scatter in the data, which on the whole 
seems to lie pretty well between the two bounds. It is perhaps possible 
also that there is another effect of surface tension, associated with the 
meniscus at the exciting disk; conceivably this may make the disk act 
as if it were slightly larger than it is. 
It is evident from (12) or (13) that the approximation T z TA is 
particularly close when H/a is small, as would, no doubt, be expected on 
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FIG. 1. Comparison with experiments. 
physical grounds, but it is not strongly dependent on this. We see from 
(12), for instance, that no matter what H/u is, we have 
[ 
1 Y12W 
” ’ A-4 l + 2 Y12(kay) - Y12(na) 1 
and this implies for instance that T is within 10% of T, for all q’s 
smaller than about 0.3. 
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